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1. A Simple Problem

Suppose a prize is located in one of N boxes, labeled 1 through N. You are
told for each box i the probability p(f) that the prize is in that box. We refer to
p(1) as the hiding density. What is the strategy which minimizes the expected
number of boxes to be opened before obtaining the prize?! Since one can
remember the boxes that have already been opened the best strategy will be to
arrange the numbers from 1 to N into some sequence ay,a,,...,ay, opening box
a, first. If the prize is not immediately found, box @, is opened, and so on. The
expected number of boxes opened (the expected work) before finding the prize is

W= jale, M)

j=1
Here we demand that the work of opening the box containing the prize must be
done even if it is known to be in that box. It is obvious that the best strategy is

to open the most likely box first, the next most likely second, and continue in

this manner. If there are two boxes which have the same probability, then it



will not matter which is opened first. Similar search problems are studied and

analogs to the following Theorem 1 are proved in (1, 2].

Theorem 1. The strategy which achieves the minimal number of expected box
openings is to order the boxes from a; to ay so that p(e,)>p(as)> - - - >play)

and then open the boxes in this order until the prize is found.

This minimal value of the work (the ideal work) we denote by W, The
ideal strategy is only ideal in terms of number of boxes opened. Implementing it
apparently requires sorting the probabilities. The sorting work may be prohibi-
tive when N is very large. Even if we are willing to do the sorting work it is not

easy to estimate what the value of W; will be before doing the sort.

2. A Simple Strategy

Consider the following memory-less strategy, which sometimes opens boxes
that have already been opened. Fix some probability density
(1), ¢(2), . . . ,g(N) on the boxes. Select a box ¢ randomly, according to the
search density g, then open box i. Continue making random selections until
the prize is found. This we will call the random strategy. Although this stra-

tegy may seem ill-conceived, it will provide bounds on W,

First, it is necessary to find the best density ¢. If the prize is actually in box

i then the expected number of box openings until the prize is found is 1/g(s)



because this is the expected waiting time for an event which has probability g(r)

at each step; lL.e.,

1(1)+2(1-g()) g(i)+3(1-g()*g(i)+... = ?[!ﬁ. _

Thus, we find that the expected work under this strategy is

Nopli
=L .
It may be assumed that each p(f)>0, for there is no need to include boxes
with zero probability in the problem. Considering the (N-1)}-dimensional simplex
of possible g densities, it is clear that a minimum of W is achieved in the interior
because W goes to infinity as we approach the boundary of the simplex. Apply-
ing Lagrange multipliers to locate interior extrema of (2) under the constraint

that the sum of g is 1, gives the following equation:

-Ei_ﬂz-+.x=n.

Note the g(#) variables must be proportional to the square roots of the p(t) vari-
ables, normalized to make g a probability distribution. The interior minimum is
therefore unique. The minimum work for this random strategy can now be found

by substitution into (2) and we have the following result.



Theorem 2. The minimum work achievable by the random strategy is attained

only when

This minimum work is

N 2
zm] = [lp]ls -

Corollary. W; < |[pllis -

Our next goal will be to examine the relationship between the ideal work

and the best random work in more detail,

3. How Good Is The Random Strategy?

It will now be assumed that the prior probabilities have been sorted so that
p(1)=p(2)= - - - Zp(N). Then the ideal work is W; = Yip(i). A useful tech-
nique in comparing this to the expected work of the best random strategy is to
invent other random strategies and then use the fact that they have expected

work at least as large as ||p||,,, the value for the best random strategy.



For example, consider a random strategy with g(1) proportional to ! . The

N
normalizing factor is Hy= Y 4!, the N'* harmonic number. The expected

=l
work under this random strategy is by (2),

N op(i
HN‘E%lzﬂﬂ'Wf.

jm]

Theorem 3.

sl < lola < w; < iyl

1+logN

Proof. A random strategy was demonstrated which has work W, -Hy. Since
this is at least as much work as the best random strategy we have
lpllie < Hpy - W, which gives us the middle inequality in the statement of the

theorem. The first inequality now follows from the fact that

LA | ol
Hy=1+Y = < 1+ [“F = 1+lgN.
=2 1

This proves the two leftmost inequalities in the statement of the theorem. The

rightmost part is the corollary to Theorem 2. Q.E.D.



The lower bound H3} on W;/||p||\x is sharp. To show this, for a given N
select p(f) proportional to %, 1<i<N. Then the random search with q(f) pro-
portional to i~ is in fact the best random search and the ratio of ideal work to

the work of the best random strategy is precisely H3/.

In any random strategy there is the potential for duplicated work. For any
strategy, let D be the expected number of times we open a box that has already
been opened once, before finding the prize. Were there some way of marking the
boxes as we open them, the best strategy would only involve W-D expected

work. Note that W-D is an upper bound on the ideal work.
Theorem 4. For the best random strategy D = (W-1)/2 .

Proof. Suppose the prize is actually in box i. For j3£¢ we ean compute the
expected number of times box j is “wastefully” opened before opening box f and
finding the prize, where a wasteful opening of a box is any opening beyond the
first one. If our random strategy is defined by a density ¢ then all that matters
is the relative values of ¢(i) and g¢(j). For the immediate purpose neglect all box
openings except those of box ¢ or j. The result is a sequence of Bernoulli trials
with probability r= q(j)/(g(f)+q(j)) that one opens box j. The expected

number of wa.%tel’ul openings of box j is
o2

1ré(1-r) + 2r%(1- YN B e B s :
ri(1-r) + 2r%(1-r) + -r q()(g(i)+9()


































































